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The dependence of the characteristics of an incompressible laminar 
boundary layer on the flow rate of fluid removed by suction through 
transverse slots on the surface of a plate is investigated on the basis 
of the momentum equation. 

We shal l  evaIuate the c h a r a c t e r i s t i c s  of the l a m i n a r  
boundary  l aye r  formed in  the flow over  a flat plate 
with t r a n s v e r s e  s lots  of an i n c o m p r e s s i b l e  fluid at 
la rge  va lues  of the Reynolds number .  By slots we 
unders tand  porous  t r a n s v e r s e  sect ions  on the plate s u r -  
surface,  in which the n o r m a l  ve loc i ty  component  is 
cons tant  and nonzero .  We shal l  use  a r e c t a n g u l a r  s y s -  
t em of coord ina tes  with the o r ig in  located at the plate 
leading edge, the x axis  be ing  along the plate surface,  
and the y axis  n o r m a l  to  it .  The m o m e n t u m  equat ion 
(the law of change of momentum)  for  an e l emen t  of 
the boundary  l aye r  on the fiat plate may be wr i t t en  as 

[11 

dS** q v o . . . .  T~, . 

Note that for  a given flow veloci ty  we a s s u m e  the 
second t e r m  of (1) to be a cons tan t  in the region of a 
slot, and zero  outside the slot.  

Using (I), we first determine the characteristics 
of the laminar boundary layer for uniform (v 0 = eonst) 
suction over the entire plate surface. 

In the new variables 

= ( - -  volU) ~ UxA~ and t** = - -  v0 6**Iv 

equat ion (1) takes  the fo rm 

t** --dt** _ l** __ ~ (2) 
d~ 

It is known [I] that for arbitrary distribution of suc- 

tion velocity along the porous plate, the dimension- 

less local friction coefficient is 

= ~0 - -  dr**, (3) 

where  go = 0 .22;  d = 0.56 and t** -< 0. C o m p a r i s o n  
of the r e s u l t s  of ca l cu l a t i ons  us ing  (3) with data f rom 
n u m e r i c a l  i n t eg ra t ion  of the d i f fe ren t i a l  equat ions  of 
the l a m i n a r  bounda ry  l aye r  on analog compu t e r s  has 
shown that  for va lues  of t** in  the range  0 to - 0 . 5 ,  
the m a x i m u m  e r r o r  of (3) does not exceed 3% approx i -  

mate ly  [21. 
We shal l  t r a n s f o r m  (2) us ing  (3). Af te r  s epa ra t i ng  

the v a r i a b l e s  and d e t e r m i n i n g  the l i m i t s  of i n t e g r a -  
tion, we obta in  the s imple  i n t e g r a l  equat ion 

, t * * d l *  * ( 4 )  

I1 0 

with the following boundary  condi t ions:  t** = t** when 
= ~ a n d t * * =  0 when ~ = 0. 

Equat ion (4) may be solved in  quadra tures :  

/** t0 in I1 ' ( l - - d )  
1 - -  d (1  - -  d )  ~ = - - z - - - -  t * *  . ( 5 )  

The exact solution of the problem of determining 
the characteristics of the incompressible laminar 
boundary layer with uniform suction on a porous plate 
was obtained in [3] by numerical integration of the 
Prandtl differential equations. 
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Fig. 1. Dependence of the u n i v e r -  
sal  ~ on the suct ion p a r a m e t e r  t~ ~ 
(the curve  is  the a u t h o r ' s  approx i -  
mate  solution, the points are the 

exact solution [3]). 

Analysis of the data given in Fig. 1 shows satis- 
factory agreement to within several percent. 

We shall solve the problem of calculating the char- 
acteristics of the laminar boundary layer on a plate 

with uniform suction (v 0 = eonst) beginning at distance 
L from the leading edge. Then, using (3), we shall 
reduce (I) to the following form: 

6** d6** I~0~/U + (I -- d)(-- v0)5**/Ul -I = dx (6) 

To allow convenient eomparison of the results of 
the approximate solution with the exact data obtained 

in [4], we introduce the following dimensionless 

values: 

x L = x / L ;  5[* = (6**/L) 3"I-)L/v ; - -  voL = ( - -  vo/U ) ~ ['L/v �9 

We then reduce  the d i f fe ren t i a l  equat ion (6) to the 
fol lowing form:  

6[* d 6[7  [~.,, + (1 - d ) ( - -  % )  8[~1 = d.v,, 



294 INZ H ENERNO- FIZICHE SKII ZHURNAL 

and by i n t eg ra t i ng  the lef t  s ide  f rom 6L* = 0. 664 to 
" * *  = 6 ~ *  
o L , and the r igh t  s ide f rom x L = i to x L = XL, 
we obtain 

(6~" - - -  0 . 6 6 4 )  ~o 
(1 - -  d ) ( ~  VoL) (1 __ d)2(__ voL) e X 

1-i ( - -voL)6L*(1--d) /~o i x 
1 + (--t,oL)O,664(1--d)~ o ! = L - ~ - -  1. (7 )  

C o m p a r i s o n  of the given ca l cu la t ions  b a s e d  on the 
a pp rox ima t ion  (7) with the r e s u l t s  of the  exac t  Rey-  
nolds solut ion [4] a l so  shows s a t i s f a c t o r y  a g r e e m e n t .  

These  c o m p a r i s o n s  have been made  to i l l u s t r a t e  
the fact  tha t  the  a s s u m p t i o n s  on which t h e s e  c a l c u l a -  
t ions  a r e  based ,  and the a p p r o x i m a t e  r e l a t i on s ,  give 
v e r y  s a t s i f a c t o r y  r e s u l t s  in the sense  of the p e r m i s -  
s ib]e  e r r o r  of c a l c u l a t i o n .  
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Fig .  2. Dependence  of the  d i m e n s i o n -  
l e s s  flow r a t e  Q/U6~* on the r a t i o  of 
m o m e n t u m  t h i c k n e s s e s  ahead of  and 
behind the s lo t s  ~:**/~** for  v a r i o u s  v 2 / u  1 

suc t ion  p a r a m e t e r  v a l u e s  t~*: 1) t~*= 
= 0 .1 ;  2) 0 .2 ;  3) 0 .3 ;  4) 0 .40 ;  5) 0 .45 ;  

6) f r o m  [5]. 

Without  i n t roduc ing  new a s s u m p t i o n s  o r  a p p r o x i -  
ma t ions ,  we sha l l  eva lua t e  the  b a s i c  r e l a t i o n  be tween  
the c h a r a c t e r i s t i c s  of the  l a m i n a r  b o u n d a r y  l a y e r  and 
t h e  flow r a t e  Q = - v 0 s ,  when t h e r e  i s  suc t ion  th rough  
a s lo t  of width  s = x 2 - x 1 l oca t ed  at  d i s t a n c e  x l  f r o m  
the p la te  l e ad ing  edge .  Here  the  fo l lowing b o u n d a r y  
cond i t ions  a r e  s a t i s f i e d  when x = x16"* = 6~*, and 

when x = x26"* = O{*. In teg ra t ing  (6) in the range  ind i -  
cated,  a f t e r  some a l g e b r a i c  t r a n s f o r m a t i o n  we obta in  
the d e s i r e d  re la t ion :  

(1 - d )  �9 - $ ~ = -  - 1 ( l  - a)~ t 7 

1 +t~*(1---d)S~~ * r 
X lr~ 1 ~-t~'(1 - -d )  to {" 

X 
(8 )  

It fol lows f rom an a n a l y s i s  of (8), that  the d imen-  
s ion l e s s  va lue  of the m a s s  flow r a t e  r e q u i r e d  d e -  
pends  on the r a t i o  of momen tum t h i c k n e s s e s  6~*/6~* 
ahead of and behind the slot ,  and on the suc t ion  pa -  
r a m e t e r  t~* which i s  the Reynolds  n u m b e r  based  on 
the momen tum th i cknes s  ahead of the s lo t  and on the 
loca l  suc t ion  ve loc i t y  (Fig.  2). 

In h is  ca l cu la t ions  the au thor  of [5] p r o c e e d e d  f rom 
g e o m e t r i c  c o n s i d e r a t i o n s  and ignored  the b a s i c  laws 
of h y d r o d y n a m i c s .  I t  was a s s u m e d  that  for  a given 
suc t ion  flow through  the  slot ,  the ve loc i t y  p ro f i l e  b e -  
hind the s lot  was  f o r m e d  by s imp ly  cut t ing off the  
lower  p a r t  of the ve loc i ty  p ro f i l e  ahead of the s lo t .  As 
a r e s u l t  Lachmann  i n c o r r e c t l y  concluded that  the  d i -  
m e n s i o n l e s s  flow r a t e  depends  only on the m o m e n t u m  
th i cknes s  r a t i o  ahead of and behind the s lo t .  This  r e -  
m a r k  is of r e a l  s ign i f i cance ,  s ince  Lachmann~s r e l a -  
t ion has  been  made  the b a s i s  of a unique method of 
p r a c t i c a l  ca l cu l a t i on  of the  c h a r a c t e r i s t i c s  of the  l a m -  
i n a r  bounda ry  l a y e r  with suc t ion  through t r a n s v e r s e  
s lo t s  loca ted  on the p la te  s u r f a c e .  

In th is  connec t ion  ment ion  should be made  of the  
r e s u l t s  of [6], whose  au thor  made  an unsound a t t empt  
to b a s e  the Lachmann  r e l a t i o n  on the m o m e n t u m  equa-  
t i ons .  The m i s t a k e  tha t  Co lemann  made  in the  c a l c u -  
l a t ions  was  to neg lec t  the change of  m o m e n t u m  due to 
f r i c t i o n  f o r c e s  in the  s l o t  r eg ion .  

Without  inc lud ing  any fac tua l  m a t e r i a l ,  in h is  p a p e r  
Co lemann  a s s e r t e d  tha t  the Lachmann  r e l a t i o n  a g r e e d  
s a t i s f a c t o r i l y  wi th  e x p e r i m e n t a l  data .  F r o m  the v i e w -  
point  of  the p r e s e n t  s tudy,  th is  a s s e r t i o n  would be 
va l id  only i f  Lachmann~s t h e o r e t i c a l  da ta  and the ex -  
p e r i m e n t a l  m a t e r i a l  w e r e  c o m p a r e d  fo r  va lue s  of t 1 
and ~**/~** u2 ~ 1  for  which  the Laehmann  r e l a t i o n  i n t e r -  
s e c t s  the  c o r r e s p o n d i n g  c u r v e s  obta ined  in  the p r e -  
sent  p a p e r  (Fig.  2). F o r  example ,  fo r  -2 / "1  = 0.70, 
0 .44,  and 0 .13,  a g r e e m e n t  with the  e x p e r i m e n t a l  da ta  
m a y  be  s a t i s f a c t o r y  fo r  v a l u e s  of the  suc t ion  p a r a m -  
e t e r  t~* = 0 .2 ,  0 .3 ,  and 0 .4 ,  r e s p e c t i v e l y ,  s ince  the  
Lachmann  r e l a t i o n  has  p roved  to be va l id  only  at  p a r -  
t i c u l a r  va lue s  of the  suc t ion  p a r a m e t e r .  

Our  r e c o m m e n d a t i o n  is  tha t  a p p r o x i m a t e  c a l c u l a -  
t ions  of  the c h a r a c t e r i s t i c s  be made  us ing  the r e l a -  
t ions  given in F ig .  2, t ak ing  into account  the va lue  of  
the  suc t ion  p a r a m e t e r .  The r e c o m m e n d e d  r e l a t i o n  
m a y  be used  a p p r o x i m a t e l y  in c a l c u l a t i o n s  of  the c h a r -  
a c t e r i s t i c s  of the  l a m i n a r  b o u n d a r y  l a y e r  with s lo t  
suc t ion  f r o m  the bounda ry  l a y e r  of wing p r o f i l e s  and 
bod i e s  of r evo lu t i on  whose  r a t i o  of length to m a x i m u m  
width e xc e e ds  seven .  



JOURNAL OF ENGINEERING PHYSICS 295 

NOTATION 

x) coordinate along plate surface; xl and xz) coordinates of front 
and back edges of slot; s) slot width; y) coordinate normal to plate 
surface; U) free stream velocity; v0(x)) distribution of normal velocity 
component over plate surface (local suction velocity); 5"*, 63* and 
6~*) momentum thickness of boundary layer ahead of and behind slot; 
~) kinematic viscosity of fluid; p) density of fluid; ti* = --v06**/Y) 
parameter describing suction from boundary layer; t~'*) value of suc- 
tion parameter at leading edge of slot; rw) local friction stress on 
plate surface; ~ = rw5 **/upU) dimensionless local friction coefficient; 

= (--v0AJ) z Ux/u) universal variable; Q) volume flow rate of liquid 
sucked through slot; ;0 = O. 22, d = O. 56) constants. 
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